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Abstract  

Variation index with respect to exponential is a classical tool that are widely used in Statistic. This paper 

aims to gather and study the empirical probabilities of type II error with respect to undervariation and 

overvariation alternatives. We establish some hypotheses and critical regions and propose numerical 

studies based on these critical regions. Some concluding remarks are made, including challenging 

problems. 
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of type II error, undervariation. 
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Résumé : 

L’indice de variation par rapport à la loi exponentielle est un outil classique largement utilisé en sta-

tistique. Cet article vise à rassembler et à étudier les probabilités empiriques d’erreur de type II face 

aux alternatives de sous-variation et de sur-variation. Nous établissons plusieurs hypothèses ainsi que 
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1. Introduction  

In statistical modelling which is an important step of data analysis in many fields of scientific 

research, one needs to specify a probability distribution that accounts as accurately as possible 

the variability observed in the data. In practice it is often considered that certain phenomena 

such as over/undervariation or zero mass for continuous data (e.g., Abid et al. 2020). 

Abid et al. (2020) have introduced the exponential variation index (VI), so-called Jørgensen 

variation index, for continuous random variable 𝑋 on (0, ∞) as 𝑉𝐼(𝑋) = 𝑉𝑎𝑟 𝑋/(𝔼𝑋)2. It can 

be viewed as the squared coefficient of variation and, also, it is used in the framework of relia-

bility to discriminate distribution of increasing/decreasing failure rate on the average 

(IFRA/DFRA) ; see, e.g., Barlow and Proschan (1981) in the sense of the coefficient of varia-

tion. A multivariate extension has been well defined and discussed in literature (Kokonendji et 

al. 2020). There are many interpretable mechanisms leading to this phenomenon which makes 

it possible to classify count distributions and makes inference; see, e.g., Touré et al. (2020,2022) 

for approximative statistical tests. It is not easy to construct an exact statistical test for the index 

VI based on its plug-in estimator in order to assess the amount of the variability ; see, e.g., Lam 

(1980) ; Touré et al. (2020,2022).  

Furthermore Touré et al. (2022) have introduced the following test statistic : 

𝑇𝑛,𝑉 = √
𝑛

2 + 𝑉"(𝑋̅𝑛)
(

𝑆𝑛
2

𝑉(𝑋̅𝑛)
− 1)

⇝ 𝒩(0; 1).                                                                                   (𝟏) 

where 𝑉"(∙) denotes the second derivative of the variance function, 𝑆𝑛
2 is the sample variance, 

𝑋̅𝑛 is the sample mean, ⇝ stands for convergence in distribution and 𝒩(0; 𝜏2) is the centered 

normal distribution with variance 𝜏2 = 2 + 𝑉"(𝜇) > 0. 

In their work, the authors used the test statistic 𝑇𝑛,𝑉 to define critical regions for two-tailed and 

one-tailed tests. However, they did not attempt to determine the power of these tests under 

alternatives when the exponential model is inadequate. To our knowledge, no study has estab-

lished the power of exponential tests for alternatives to the inadequacy of the exponential 

model.  

The two main goals of this paper are, firstly, to propose asymptotic two-tailed and one-tailed 

exponential tests and, then to propose undervariation and overvariation alternatives in order to 

study the power of these tests. To get this treatment, we derive from (1) the statistic  𝑇𝑛,𝐸 =

√
𝑛

4
(

𝑆𝑛
2

𝑋̅𝑛
2 − 1) ⇝ 𝒩(0; 1)  with respect to exponential model and which we will use for the em-

pirical probabilities of type I error in two-tiled and one-tiled tests. 

The rest of the paper is structured as follows. Section 2 will be devoted to present the hypotheses 

to test and critical regions of the test statistics that have produced good results. In Section 3 we 

analyse the results of some numerical studies. Finally, Section 4 concludes with some remarks 

and possible extensions. 
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2. Hypotheses to test and critical regions 

In this Section, we present the following five families of the hypotheses to test with their 

corresponding critical regions  (1) and for which we find them interesting in practice : 

(i) 𝐻0,𝐸𝐸: 𝜎2 = 𝜇2 against 𝐻1,𝐸𝐸: 𝜎2 ≠ 𝜇2 for the two-tiled test with respect to the 

exponential equivariation and, therefore, 𝐻0,𝐸𝐸 is rejected if 

𝑇𝑛,𝐸𝐸 = |√
𝑛

4
(

𝑆𝑛
2

𝑋̅𝑛
2 − 1)| > 𝑢1−𝛼/2;                                                                   (2) 

(ii) 𝐻0,𝐸𝑈: 𝜎2 = 𝜇2 against 𝐻1,𝐸𝑈: 𝜎2 < 𝜇2 for the one-tiled test with respect to the 

exponential undervariation and, therefore, 𝐻0,𝐸𝑈 is rejected if 

𝑇𝑛,𝐸𝑈 = √
𝑛

2
(

𝑆𝑛
2

𝑋̅𝑛
2 − 1) < 𝑢𝛼;                                                                                               (3) 

(iii) 𝐻0,𝐸𝑂: 𝜎2 = 𝜇 against 𝐻1,𝐸𝑂: 𝜎2 > 𝜇 for the one-tiled test with respect to the 

exponential overvariation and, therefore, 𝐻0,𝐸𝑂 is rejected if 

𝑇𝑛,𝐸𝑂 = √
𝑛

2
(

𝑆𝑛
2

𝑋̅𝑛
2 − 1) > 𝑢1−𝛼;                                                                                          (4) 

(iv) 𝐻0,𝐼𝐺: 𝜎2 ≥ 𝜇3 against 𝐻1,𝐼𝐺: 𝜎2 < 𝜇3 for the undervariation with respect to inverse 

Gaussian distribution and, thus, 𝐻0,𝐼𝐺 is rejected if 

𝑇𝑛,𝐼𝐺 = √
𝑛

2+6𝑋̅𝑛
(

𝑆𝑛
2

𝑋̅𝑛
3 − 1) < 𝑢𝛼;                                                                                        (5) 

(v) 𝐻0,𝐼𝐺: 𝜎2 ≤ 𝜇3 against 𝐻1,𝐼𝐺: 𝜎2 > 𝜇3 for the overvariation with respect to inverse 

Gaussian distribution and 𝐻0,𝐼𝐺 is rejected if 

𝑇𝑛,𝐼𝐺 = √
𝑛

2+6𝑋̅𝑛
(

𝑆𝑛
2

𝑋̅𝑛
3 − 1) > 𝑢1−𝛼.                                                                                     (6) 

These critical regions have led us to carry out simulation studies which  results can be found in 

Tables 1-5 in the next Section. 

 

3. Simulation studies 

In this Section, we first present the empirical probabilities of type I error for the two-tailed and 

one-tailed exponential tests. Then, we compute the empirical probabilities of type II error for 

the inverse Gaussian undervariation and inverse Gaussian overvariation alternatives, respec-

tively. All this simulations work was carried out using the ℛ software (ℛ Core Team, 2025). 

The extreme quantiles of the distribution of a test statistic are often those of interest for the 

implementation of a hypothesis test based on this statistic. Good approximations are therefore 

needed for these extreme quantiles when the exact distribution of the test statistic is unknown.  

The aim of simulations whose results are presented below is to evaluate empirically the quality 

of the approximation of the extreme quantiles of the test statistic 𝑇𝑛,𝑉 by the nominal quantiles 

corresponding to the limit laws with respect to the sample sizes 𝑛. The simulation study was 

designed with 

• sample sizes 𝑛 =  30, 50, 100, 500 and 1000 ; 
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• Poisson mean 𝜇 = 0.5, 1, 5, 10 and 20 ; 

• number of trials of binomial distribution 𝑁 = 25 and 100 ; 

• parameter of negative binomial distribution 𝜆 = 25 and 100 ; 

• significance level 𝛼 = 0.05 ; 

• number of replications 𝑟 = 50000. 

Note that we performed 50000 replications for each simulated sample. 

 

3.1.Empirical probabilities of type I error 

Given that the critical region of the test is determined from the asymptotic distribution of 𝑇𝑛,𝐸, 

we expect the probabilities of type I error to deviate from the nominal value corresponding to 

these critical regions. A probability of type I error significantly greater than the nominal value 

0.05 would indicate that the precision of the approximation of the extreme quantiles of the 

distribution of test statistics by those of its limiting distribution is not sufficient. The results of 

probabilities of type I error for the two-tailed and one-tailed tests are reported in Tables 1-3 

where values above 0.05 are in bold. 

3.1.1. Exponential two-tiled test 

The results in Table 1 show that the empirical probabilities of type I error are lower than the 

nominal value 0.05 and whatever the sample size 𝑛. Therefore, one can said that the extreme 

quantiles of the distribution of  𝑇𝑛,𝐸 are approximated with sufficient accuracy by those of the 

centred and reduced gaussian distribution. 

Table 1 : Empirical probabilities of type I error with respect to sample size 𝒏 for exponential 

two-tiled test (i). 

𝒏 𝝁 = 𝟎. 𝟓 𝝁 = 𝟏 𝝁 = 𝟓 𝝁 = 𝟏𝟎 𝝁 = 𝟐𝟎 

𝟑𝟎 0.0315 0.0314 0.0316 0.0323 0.0312 

𝟓𝟎 0.0353 0.0341 0.0333 0.0344 0.0317 

𝟏𝟎𝟎 0.0395 0.0384 0.0388 0.0385 0.0389 

𝟓𝟎𝟎 0.0462 0.0461 0.0456 0.0453 0.0467 

𝟏𝟎𝟎𝟎 0.0473 0.0485 0.0472 0.0491 0.0468 

Source : Authors’ calculation 

3.1.2. Exponential one-tiled test 

For 2-3, the empirical probabilities of type I error are lower thant 0.05 or not significantly 

different from this value and whatever the sample size 𝑛. It is difficult to choose between 

undervariation and overvariation in view of the results. We cannot discriminate between the 

equivariation exponential model and undervariation or overvariation. 
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Table 2 : Empirical probabilities of type I error with respect to sample size 𝒏 for exponential 

one-tiled undervariation test (ii). 

𝒏 𝝁 = 𝟎. 𝟓 𝝁 = 𝟏 𝝁 = 𝟓 𝝁 = 𝟏𝟎 𝝁 = 𝟐𝟎 

𝟑𝟎 0.0034 0.0039 0.0034 0.0031 0.0033 

𝟓𝟎 0.0106 0.0095 0.0102 0.0097 0.0101 

𝟏𝟎𝟎 0.0192 0.0193 0.0196 0.0209 0.0195 

𝟓𝟎𝟎 0.0364 0.0368 0.0355 0.0390 0.0379 

𝟏𝟎𝟎𝟎 0.0417 0.0417 0.0405 0.0419 0.0407 

Source : Authors’ calculation 

 

Table 3 : Empirical probabilities of type I error with respect to sample size 𝒏 for exponential 

one-tiled overvariation test (iii). 

𝒏 𝝁 = 𝟎. 𝟓 𝝁 = 𝟏 𝝁 = 𝟓 𝝁 = 𝟏𝟎 𝝁 = 𝟐𝟎 

𝟑𝟎 0.0464 0.0476 0.0457 0.0463 0.0460 

𝟓𝟎 0.0498 𝟎. 𝟎𝟓𝟎𝟏 𝟎. 𝟎𝟓𝟎𝟖 𝟎. 𝟎𝟓𝟎𝟒 𝟎. 𝟎𝟓𝟎𝟑 

𝟏𝟎𝟎 𝟎. 𝟎𝟓𝟎𝟒 0.0477 𝟎. 𝟎𝟓𝟎𝟔 0.0440 0.0465 

𝟓𝟎𝟎 0.0463 0.0448 0.0470 0.0450 0.0447 

𝟏𝟎𝟎𝟎 0.0477 0.0462 0.0466 0.0464 𝟎. 𝟎𝟓𝟎𝟗 

Source : Authors’ calculation 

 

Thus, the extreme quantiles of the distribution of  𝑇𝑛,𝐸 are approximated with sufficient accu-

racy by those of the centred and reduced gaussian distribution. 

 

3.2.Empirical probabilities of type II error 

In this Section as an alternative to the inadequacy of the exponential model, we choose the 

inverse Gaussian distribution for both undervariation and overvariation. The empirical proba-

bilities of type II error are given in Tables 4 and 5.  

3.2.1 Inverse Gaussian as under/over-variation alternative 

The inverse Gaussian distribution can be used for both undervariation and overvariation alter-

natives when the results observed in the data do not allow the exponential distribution to be 

validated. The inverse Gaussian distribution is defined as follow : 

𝑓(𝑥; 𝜇, 𝜆) = (
𝜆

2𝜋𝑥3)
1/2

exp {
−(𝑥−𝜇)2𝜆

2𝜇2𝑥
} 𝟏(0,∞)(𝑥);                                                              (7) 

with 𝜇 > 0, 𝜆 > 0. The mean and variance are 𝜇 and 𝜇3/𝜆, respectively. 

With regard to Tables 4-5, the empirical probabilities of type II error are well above 0.05 and 

whatever the sample size 𝑛. 
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Table 4 : Empirical probabilities of type II error with respect to sample size 𝒏 for inverse 

Gaussian undervariation alternative test (iv) when 𝝀 = 𝟑 

𝒏 𝝁 = 𝟎. 𝟓 𝝁 = 𝟏 𝝁 = 𝟓 𝝁 = 𝟏𝟎 𝝁 = 𝟐𝟎 

𝟑𝟎 0.9989 0.9993 0.9995 0.9997 0.9999 

𝟓𝟎 0.9943 0.9975 0.9980 0.9988 0.9997 

𝟏𝟎𝟎 0.9858 0.9879 0.9896 0.9923 0.9939 

𝟓𝟎𝟎 0.9867 0.9871 0.9887 0.9913 0.9935 

𝟏𝟎𝟎𝟎 0.9597 0.9668 0.9717 0.9899 0.9918 

Source : Authors’ calculation 

 

Table 5 : Empirical probabilities of type II error with respect to sample size 𝒏 for inverse 

Gaussian overvariation alternative test (v) when 𝝀 = 𝟏 

𝒏 𝝁 = 𝟎. 𝟓 𝝁 = 𝟏 𝝁 = 𝟓 𝝁 = 𝟏𝟎 𝝁 = 𝟐𝟎 

𝟑𝟎 0.9597 0.9719 0.9968 0.9995 0.9999 

𝟓𝟎 0.9535 0.9632 0.9910 0.9977 0.9996 

𝟏𝟎𝟎 0.9496 0.9555 0.9798 0.9916 0.9981 

𝟓𝟎𝟎 0.9437 0.9465 0.9567 0.9662 0.9771 

𝟏𝟎𝟎𝟎 0.9431 0.9419 0.9521 0.9575 0.9666 

Source : Authors’ calculation 

 

These results show that is not easy to discriminate between the exponential model and inverse 

Gaussian undervariation or inverse Gaussian overvariation alternatives. 

 

4. Concluding remarks 

In this paper, we present critical regions based on exponential asymptotic test statistic. The 

simulations showed good results. The results in Tables 1-3 show that the extreme quantiles of 

the distribution of  𝑇𝑛,𝐸 are approximated with sufficient accuracy by those of the centred and 

reduced gaussian distribution. Furthermore, the results in Tables 4-5 show that it is difficult to 

discriminate the exponential model with respect to undervariation or overvariation alternatives. 

However, a natural question arises here: how can the exponential model be distinguished from 

under/overvariation alternatives ? Answering this question is not an easy task. Furthermore, 

work is in progress in this direction. 
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